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Chapter 1

Origins of Quantum Mechanics

SOLVED PROBLEMS
Problem: 1.1- How much energy is required to remove an electron from the n= 8 state

of a hydrogen atom?

Solution

Energy of the n = 8 state of hydrogen atom is

En =
−13.6 eV

n2
=⇒ E8 =

−13.6 eV

82
= −0.21 eV

Problem: 1.2- Calculate the maximum wavelength that hydrogen in its ground state

can absorb.

Solution

Maximum wavelength correspond to minimum energy. Hence the jump from ground

state to first excited state gives the maximum λ. Energy can be calculated from

En =
−13.6 eV

n2

Energy of the ground state (n = 1) = −13.6 eV

Energy of the first excited state (n = 2) = −13.6/4 = −3.4 eV

Maximum wavelength corresponds to the energy −3.4− (−13.6) = 10.2 eV

c = fλ =⇒ λ =
c

f
=
hc

E
∵ E = hf and f =

E

h



CHAPTER 1. ORIGINS OF QUANTUM MECHANICS

Maximum wavelength λ =
hc

E

=
(6.626× 10−34Js)× (3.0× 108m/s)

(10.2)(1.6× 10−19J)

λ = 122× 10−9m = 122 nm

Problem: 1.3- An electron in the n = 2 state of hydrogen remains there on the average

of about 10−8 s, before making a transition to n = 1 state.

(i) Estimate the uncertainty in the energy of the n=2 state.

(ii) What fraction of the transition energy is this?

Solution

(i) ∆E ≥ h

4π∆t
=

6.626× 10−34Js

4π × 10−8s

= 0.527× 10−26J = 3.29× 10−8eV

(ii) Energy of n = 2 → n = 1transition

=− 3.4− (−13.6) = 10.2eV

Fraction =
∆E

E
=

3.29× 10−8eV

10.2eV
= 3.23× 10−9

Problem: 1.4- The uncertainty in the velocity of a particle is equal to its velocity. If

∆p ·∆x ∼= h, show that the uncertainty in its location is its de Broglie wavelength.

Solution

Given ∆υ = υ Then,

∆p = m∆v = mv = p

∆x×∆p ∼= h or ∆x · p ∼= h

∆x ∼= h
p
= λ

Problem: 1.5- Calculate the probability of finding the particle in the region−1 ≤ x ≤ 1,

represented by the wavefunction

ψ(x) =
1√
π

1√
x2 + 1

Solution

probability of finding the particle in the region −1 ≤ x ≤ 1 is given by
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P =

∫ +1

−1

|ψ(x)|2 dx =

∫ +1

−1

1

π

1

x2 + 1
dx

P =
1

π

∣∣∣ tan−1 x
∣∣∣1
−1

=
1

π

(π
4
+
π

4

)
P =

1

π

(π
2

)
=

1

2
.
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Chapter 2

Mathematical Tools of Quantum

Mechanics

SOLVED PROBLEMS

Problem: 2.1- Consider the states |ψ⟩ = 3i |ϕ1⟩ − 7i |ϕ2⟩ and |χ⟩ = − |ϕ1⟩ + 2i |ϕ2⟩
where |ϕ1⟩ and |ϕ2⟩ are orthonormal. Calculate |ψ + χ⟩ and ⟨ψ + χ|
Solution

The calculation of |ψ + χ⟩ is straightforward:

|ψ + χ⟩ = |ψ⟩+ |χ⟩ = (3i |ϕ1⟩ − 7i |ϕ2⟩) + (− |ϕ1⟩+ 2i |ϕ2⟩)

= (−1 + 3i) |ϕ1⟩ − 5i |ϕ2⟩

This leads to the expression ⟨ψ + χ|

⟨ψ + χ| = (−1 + 3i)∗⟨ϕ1|+ (−5i)∗⟨ϕ2|

= (−1− 3i)⟨ϕ1|+ 5i⟨ϕ2|



Problem: 2.2- Find the Hermitian adjoint of f(Â) =
(
1 + iÂ+ 3Â2

)(
1− 2iÂ− 9Â2

)
/(5+

7Â)

Solution

Since the Hermitian adjoint of an operator function f(Â) is given by f †(Â) = f
(
Â†

)
,

we can write


(
1 + iÂ+ 3Â2

)(
1− 2iÂ− 9Â2

)
5 + 7Â

†

=

(
1 + 2iÂ† − 9Â2†

)(
1− iÂ† + 3Â2†

)
5 + 7Â†

Problem: 2.3- Show that the operator |ψ⟩⟨ψ| is a projection operator only when |ψ⟩ is
normalized.

Solution

It is easy to ascertain that the operator |ψ⟩⟨ψ| is Hermitian, since (|ψ⟩⟨ψ|)† = |ψ⟩⟨ψ|.
As for the square of this operator, it is given by

(|ψ⟩⟨ψ|)2 = (|ψ⟩⟨ψ|)(|ψ⟩⟨ψ|) = |ψ⟩⟨ψ|ψ⟩⟨ψ| = |ψ⟩⟨ψ|

Thus, if |ψ⟩ is normalized, we have (|ψ⟩⟨ψ|)2 = |ψ⟩⟨ψ|. In sum, if the state |ψ⟩ is

normalized, the product of the ket |ψ⟩ with the bra ⟨ψ| is a projection operator.

Problem: 2.4- Show that the commutator of two Hermitian operators is anti-Hermitian.

Solution

If Â and B̂ are Hermitian, we can write

[Â, B̂]† = (ÂB̂ − B̂Â)† = B̂†Â† − Â†B̂† = B̂Â− ÂB̂ = −[Â, B̂]

that is, the commutator of Â and B̂ is anti-Hermitian: [Â, B̂]† = −[Â, B̂]

Problem: 2.5- Show that if Â−1 exists, the eigenvalues of Â−1 are just the inverse of

those of Â.

Solution

Since Â−1Â = Î we have on the one hand

Â−1Â|ψ⟩ = |ψ⟩

and on the other hand
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CHAPTER 2. MATHEMATICAL TOOLS OF QUANTUM MECHANICS

Â−1Â|ψ⟩ = Â−1(Â|ψ⟩) = aÂ−1|ψ⟩

Combining the previous two equations, we obtain

aÂ−1|ψ⟩ = |ψ⟩

hence

Â−1|ψ⟩ = 1

a
|ψ⟩

This means that |ψ⟩ is also an eigenvector of Â−1 with eigenvalue 1/a. That is, if Â−1

exists, then

Â|ψ⟩ = a|ψ⟩ =⇒ Â−1|ψ⟩ = 1

a
|ψ⟩
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Chapter 3

Fundamentals of Quantum

Mechanics

SOLVED PROBLEMS

Problem: 3.1- Can we measure the kinetic and potential energies of a particle simulta-

neously with arbitrary precision?

Solution

The operator for kinetic energy, T = − (ℏ2/2m)∇2. The Operator for potential energy,

V = V (r). Hence,[
− ℏ2

2m
∇2, V̇

]
ψ = − ℏ2

2m
∇2(Vψ)− V

(
− ℏ2

2m
∇2

)
ψ

= − ℏ2

2m

(
∇2V

)
ψ ̸= 0

since the operators of the two observables do not commute, simultaneous measurement

of both is not possible. Simultaneous measurement is possible if V is constant or linear

in coordinates.



CHAPTER 3. FUNDAMENTALS OF QUANTUM MECHANICS

Problem: 3.2- Show that the operator U = 1+iA
1−iA

is unitary. Provided A is Hermitian.

Solution

U †U =
(1 + iA

1− iA

)† (1 + iA

1− iA

)
=

(1− iA†

1 + iA†

)(1 + iA

1− iA

)
U †U =

(1− iA

1 + iA

)(1 + iA

1− iA

)
∵ A† = A

U †U = I

Similarly, UU † = I. Hence U is unitary operator.

Problem: 3.3- If A and B are Hermitian operators, show that (AB+BA) is Hermitian

i.e. {A,B}† = {A,B}.
Solution

Since A and B are Hermitian, we have A† = A and B† = B. So,

{A,B}† = (AB +BA)†

= B†A† + A†B† = BA+ AB

= AB +BA

= {A,B}

Problem: 3.4- Consider a system whose state is given in terms of an orthonormal set

of three vectors: |ϕ1⟩, |ϕ2⟩, |ϕ3⟩ as:

|ψ⟩ =

√
3

3
|ϕ1⟩ +

2

3
|ϕ2⟩ +

√
2

3
|ϕ3⟩

verify that |ψ⟩ is normalized. Then calculate the probability of finding the system in

any one of the state |ϕ1⟩, |ϕ2⟩, and|ϕ3⟩. Verify that total probability is equal to one.

Solution

Using the orthonormality condition ⟨ϕj|ϕk⟩ = δjk where j, k = 1, 2, 3 we can verify

that |ψ⟩ is normalized.

⟨ψ|ψ⟩ =
1

3
⟨ϕ1|ϕ1⟩ +

4

9
⟨ϕ2|ϕ2⟩ +

2

9
⟨ϕ3|ϕ3⟩ =

1

3
+

4

9
+

2

9
= 1

Since, |ψ⟩ is normalized, the probability of finding the system in |ϕ1⟩ is given by
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P1 = |⟨ϕ1|ψ⟩|2 =
∣∣∣√3

3
⟨ϕ1|ϕ1⟩ +

2

3
⟨ϕ1|ϕ2⟩ +

√
2

3
⟨ϕ1|ϕ3⟩

∣∣∣2 =
1

3

Since, ⟨ϕ1|ϕ1⟩ = 1 and ⟨ϕ1|ϕ2⟩ = ⟨ϕ1|ϕ3⟩ = 0. Similarly, from the relations ⟨ϕ2|ϕ2⟩ = 1

and ⟨ϕ2|ϕ1⟩ = ⟨ϕ2|ϕ3⟩ = 0, we obtain the probability of finding the system in |ϕ2⟩:

P2 = |⟨ϕ2|ψ⟩|2 =
∣∣∣2
3
⟨ϕ2|ϕ2⟩

∣∣∣2 =
4

9

As for ⟨ϕ3|ϕ3⟩ = 1 and ⟨ϕ3|ϕ1⟩ = ⟨ϕ3|ϕ2⟩ = 0, they lead to the probability of finding

the system in |ϕ3⟩:

P3 = |⟨ϕ3|ψ⟩|2 =
∣∣∣√2

3
⟨ϕ3|ϕ3⟩

∣∣∣2 =
2

9

As expected, the total probability is equal to one

P = P1 + P2 + P3 =
1

3
+

4

9
+

2

9
= 1

Problem: 3.5- Give the mathematical representation of a spherical wave traveling out-

ward from a point and evaluate its probability current density.

Solution

The mathematical representation of a spherical wave travelling outwards from a point

is given by

ψ(r) =
A

r
exp(ikr)

where A is a constant and k is the wave vector. The probability current density

j =
iℏ
2m

(ψ∇ψ∗ − ψ∗∇ψ)

=
iℏ
2m

|A|2
[
eikr

r
∇

(
e−ikr

r

)
− e−ikr

r
∇
(
eikr

r

)]
=

iℏ
2m

|A|2
[
eikr

r

(
−ik
r
e−ikr − e−ikr

r2

)
− e−ikr

r

(
ik

r
eikr − eikr

r2

)]
=

iℏ
2m

|A|2
(
−2ik

r2

)
=

ℏk
mr2

|A|2
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Chapter 4

One-Dimensional Problems

SOLVED PROBLEMS
Problem: 4.1- For an electron in a one-dimensional infinite potential well of width 1

Å, calculate the separation between the two lowest energy levels

Solution

En =
π2ℏ2n2

2ma2
∵ a = 1Å = 10−10m

E2 − E1 =
3π2ℏ2

2ma2
=

3× π2 × (1.055× 10−34Js)
2

2 (9.1× 10−31kg) 10−20m2

= 1.812× 10−17J = 113.27eV

Problem: 4.2- An electron in a one-dimensional infinite potential well, defined by

V (x) = 0 for −a ≤ x ≤ a and V (x) = ∞ otherwise, goes from the n = 4 to the n = 2

level. The frequency of the emitted photon is 3.43 ×1014 Hz. Find the width of the

box.

Solution

As we know that

En =
π2ℏ2n2

2ma2

E4 − E2 =
12π2ℏ2

2ma2
= 2πℏv ∵ E4 − E2 = 16E1 − 4E1



a2 =
6π2ℏ2

2πmℏv

a2 =
3πℏ
mv

=
3 (1.055× 10−34Js)× 3.14

(9.1× 10−31kg) (3.43× 1014s−1)

a2 = 79.6× 10−20m2

a = 8.92× 10−10m or 2a = 17.84× 10−10m

Problem: 4.3- The wave function of a particle confined in a box of length a is

ψ =

√
2

a
sin

(πx
a

)
Calculate the probability of finding the particle in the region 0 < x < a/2.

Solution

The required probability is

P =
2

a

∫ a/2

0

sin2 πx

a
dx

=
1

a

∫ a/2

0

(
1− cos

2πx

a

)
dx

=
1

a

∫ a/2

0

dx− 1

a

∫ a/2

0

cos
2πx

a
dx =

1

2

(4.1)

Problem: 4.4- Consider the ket |ψ⟩ =


−i

3

4i

. (a) Find |ψ⟩∗ and ⟨ψ|. (b) is |ψ⟩

normalized? If not normalized it

Solution

(a) The expression of |ψ⟩∗ and ⟨ψ| are give by

|ψ⟩∗ =


−i

3

4i

 and ⟨ψ| =
(
i 3 − 4i

)
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CHAPTER 4. ONE-DIMENSIONAL PROBLEMS

It is clear that |ψ⟩∗ ̸= ⟨ψ|.
(b) The norm of |ψ⟩ is given by

⟨ψ|ψ⟩ =
(
i 3 − 4i

)


−i

3

4i


= (i)(−i) + (3)(3) + (−4i)(4i)

= −i2 + 9− 16i2 = 26

Thus |ψ⟩ is not normalized. However, if we multiply it with 1√
26
, it becomes normalized

|ψ⟩ = 1√
26


−i

3

4i


Problem: 4.5- Electrons with energies 1 eV are incident on a barrier 5 eV high 0.4 nm

wide. Evaluate the transmission probability.

Solution

The transmission probability T is given by

T = e−2αa, α =

√
2m (V0 − E)

ℏ

α =

√
2 (9.1× 10−31kg) (4eV) (1.6× 10−19J/eV)

(1.054× 10−34Js)

α = 10.24× 109m−1

αa =
(
10.24× 109m−1

) (
0.4× 10−9m

)
= 4.096

T =
1

e2αa
=

1

e8.192
= 2.77× 10−4
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Chapter 5

Angular Momentum

SOLVED PROBLEMS
Problem: 5.1- Evaluate the commutator [L̂x, L̂y] in the momentum representation.

Solution

[Lx, Ly] = [ypz − zpy, zpx − xpz] = [ypz, zpx]− [ypz, xpz]− [zpy, zpx] + [zpy, xpz]

= ypx [pz, z]− 0− 0 + pyx [z, pz]

In the momentum representation [z, pz] = iℏ

[Lx, Ly] = iℏ (xpy − ypx) = iℏLz

Problem: 5.2- Find the energy level of a spin s = 3/2 particle whose Hanmiltonian is

given by

Ĥ =
α

ℏ2
(Ŝ2

x + Ŝ2
y − 2Ŝ2

z )−
β

ℏ
Ŝz

where α and β are constants. Are these levels degenerate?

Solution

Rewriting Ĥ in the form,

Ĥ =
α

ℏ2
(Ŝ2 − 3Ŝ2

z )−
β

ℏ
Ŝz ∵ Ŝ2 = Ŝ2

x + Ŝ2
y − Ŝ2

z



CHAPTER 5. ANGULAR MOMENTUM

We see that Ĥ is diagonal in the {|s,m⟩} basis:

Em = ⟨s,m|Ĥ|s,m⟩ = ⟨s,m| α
ℏ2

(Ŝ2 − 3Ŝ2
z )|s,m⟩ − ⟨s,m|β

ℏ
Ŝz|s,m⟩

=
α

ℏ2
[
ℏ2s(s+ 1)− 3ℏ2m2

]
− β

ℏ
ℏm

= α
3

2

(
3

2
+ 1

)
− 3αm2 + βm

=
15

4
α−m(3αm+ β)

where the quantum number m takes any of the four values m = −3
2
,−1

2
, 1
2
, 3
2
. Since,

Em depends on m, the energy levels of this particle are thus four fold degenerate.

Problem: 5.3- Ylml
(θ, ϕ) form a complete set of orthonormal functions of (θ, ϕ).

Prove that
∑

l

∑l
ml=−l |Ylml

⟩ ⟨Ylml
| = 1.

Solution

On the basis of expansion theorem, any function of θ and ϕ may be expanded in the

form

ψ(θ, ϕ) =
∑
l

∑
ml

Clml
Ylml

(θ, ϕ)

In Dirac’s notation,

|ψ⟩ =
∑
l

∑
ml

Clml
|Ylml

⟩

Operating from left by ⟨Yl′m′
l
| and using the orthonormality relation

⟨Yl′m′|Ylml
⟩ = δl′ lδmlm

′
l

; Clml
= ⟨Ylml

|ψ⟩

Substituting this value of Clml
, we obtain

|ψ⟩ =
∑
l

l∑
ml=−l

|Ylml
⟩ ⟨Ylml

|ψ⟩

From this relation it follows that

∑
l

l∑
ml=−l

|Ylml
⟩ ⟨Ylml

| = 1
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Problem: 5.4- In the |jmj⟩ basis formed by the eigenkets of J2 and Jz, show that

⟨jmj |J−J+| jmj⟩ = (j −mj)(j +mj + 1)ℏ2

Solution

J−J+ = J2 − J2
z − ℏJz

⟨jmj |J−J+| jmj⟩ =
〈
jmj

∣∣J2 − J2
z − hJz

∣∣ jmj

〉
=

[
j(j + 1)−m2

j −mj

]
ℏ2⟨jmj|jmj⟩

since ⟨jmj|jmj⟩ = 1

⟨jmj |J−J+| jmj⟩ =
[
j2 −m2

j + j −mj

]
ℏ2

= [(j +mj)(j −mj) + (j −mj)]ℏ2

= (j −mj) + (j +mj + 1)ℏ2

Problem: 5.5- For Pauli’s matrices, prove that (i) [σx, σy] = 2iσz, (ii) σxσyσz = i.

Solution

(i) We have

S =
1

2
ℏσ, [Sx, Sy] = iℏSz

Substituting the values of Sx, Sy and Sz, we get[
1

2
ℏσx,

1

2
ℏσy

]
= iℏ

1

2
ℏσz

1

4
ℏ2 [σx, σy] = iℏ2

1

2
σz

[σx, σy] = 2iσz

(ii)

σxσyσz =

0 1

1 0


0 −i

i 0


1 0

0 −1



=

 i 0

0 −i


1 0

0 −1

 =

 i 0

0 i

 = i
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Chapter 6

Three-Dimensional Problems

SOLVED PROBLEMS

Problem: 6.1- For the ground state of the hydrogen atom, evaluate the expectation

value of the radius vector r of the electron.

Solution

The wave function of the ground state is given by

ψ100 =
1√
π

(
1

a0

)3/2

exp

(
−r
a0

)

⟨r⟩ =
∫
ψ∗
100rψ100dτ =

1

πa30

∫ ∞

0

r3 exp

(
−2r

a0

)
dr

∫ π2π

0

∫ π2π

0

sin θdθdϕ

Problem: 6.2- What is the probability of finding the ls-electron of the hydrogen atom

at distance (i) 0.5 a◦, (ii) 0.9 a◦ (iii) a◦ (iv) 1.2 a◦ from the nucleus? Comment on the

result.

Solution

The radial probability density Pnl(r) = |Rnl|2 r2. Then

R10 =
2

a
3/2
0

exp

(
− r

a0

)
, P10(r) =

4r2

a30
exp

(
−2r

a0

)



(i) P10 (0.5a0) =
e−1

a0
= 0.37

a0

(ii) P10 (0.9a0) =
4(0.9)2

a0
e−1.8 = 0.536

a0

(iii) P10 (a0) =
4e−2

a0
= 0.541

a0

(iv) P10 (1.2a0) =
4(1.2)2

a0
= 0.523

a0

P10(r) increases as r increases from 0 to a0 and then decreases, indicating a maximum

at r = a0. This is in conformity with Bohr’s picture of the hydrogen atom.

Problem: 6.3- A positron and an electron form a short lived atom called positronium

before the two annihilate to produce gamma rays. Calculate, in electron volts, the

ground state energy of positronium.

Solution

The positron has a charge +e and mass equal to the electron mass. The mass µ in the

energy expression of hydrogen atom is the reduced mass which, for the positronium

atom, is
me ·me

2me

=
me

2

where me is the electron mass. Hence the energy of the positronium atom is half the

energy of hydrogen atom.

En = −k
2mee

4

4ℏ2n2
, n = 1, 2, 3, . . .

Then the ground state energy is

−13.6

2
eV = −6.8eV

Problem: 6.4- A quark having one-third the mass of a proton is confined in a cubical

box of side 1.8 × 10−15 m. Find the excitation energy in MeV from the first excited

state to the second excited state.

Solution

As we know that

En1n2n3 =
π2ℏ2

2ma2
(
n2
1 + n2

2 + n2
3

)
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CHAPTER 6. THREE-DIMENSIONAL PROBLEMS

First excited state: E211 = E121 = E112 =
6π2ℏ2
2ma2

Second excited state: E ′
221 = E212 = E122 =

9π2ℏ2
2ma2

m =
1.67262× 10−27kg

3
= 0.55754× 10−27kg

∆E =
3π2ℏ2

2ma2

=
3π2 (1.05× 10−34Js)

2

2 (0.55754× 10−27kg) (1.8× 10−15m)2

= 9.0435× 10−11J =
9.0435× 10−11J

1.6× 10−19J/eV

= 565.2MeV

Problem: 6.5- An electron of mass m and charge −e moves in a region where a uniform

magnetic field
#»

B =
#»▽× #»

A exists in the z-direction. Write the Hamiltonian operator

of the system.

Solution

Given
#»

B =
#»▽× #»

A. We have

#»

B = î

(
∂Az

∂y
− ∂Ay

∂z

)
+ ĵ

(
∂Ak

∂z
− ∂Az

∂x

)
+ k̂

(
∂Ay

∂x
− ∂Ax

∂y

)
since the field is in the z-direction,

∂Az

∂y
− ∂Ay

∂z
= 0

∂Ax

∂z
− ∂Az

∂x
= 0

∂Ay

∂x
− ∂Ax

∂y
= 0

On the basis of these equations, we can take

Ax = Az = 0, Ay = Bx or A = Bxĵ

The Hamiltonian operator
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H =
1

2m

(
#»p +

e

c

#»

A
)2

, p = −iℏ∇

=
1

2m

(
p2x + p2y + p2z +

e2

c2
A2 +

e

c
#»p · #»

A +
e

c

#»

A · #»p

)
=

1

2m

(
p2x + p2y + p2z +

e2B2x2

c2
+
e

c
pyBx+

e

c
Bxpy

)
=

1

2m

[
p2x +

(
py +

eBx

c

)2

+ p2z

]

where px, py, pz are operators.
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